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Abstract 



C^ We study the relation between escape rates and pressure in general dynamical 

systems with holes, where pressure is defined to be the difference between entropy and 

the sum of positive Lyapunov exponents. Central to the discussion is the formulation 

of a class of invariant measures supported on the survivor set over which we take the 

supremum to measure the pressure. Upper bounds for escape rates are proved for 

,-C general diffeomorphisms of manifolds, possibly with singularities, for arbitrary holes 

Cd and natural initial distributions including Lebesgue and SRB measures. Lower bounds 

^ do not hold in such generality, but for systems admitting Markov tower extensions 

with spectral gaps, we prove the equality of the escape rate with the absolute value 

y—\ of the pressure and the existence of an invariant measure realizing the escape rate, 

^ i.e. we prove a full variational principle. As an application of our results, we prove a 

(-^ variational principle for the billiard map associated with a planar Lorentz gas of finite 

\^ horizon with holes. 

(N 

^ 1 Introduction 



This paper is about leaky dynamical systems or dynamical systems with holes. A generic 
setup consists of a triple (/, M; H) where M is the phase space of a map or flow denoted 
by /, and /J C M is an open set. We refer to (/, M) as a closed system and H as the 
^ hole through which mass is allowed to escape from the system. More precisely, we follow 

trajectories in M until they enter H. Once a point enters H, it leaves the system forever, 
i.e. we stop considering it. 

Holes can be large or small. Small holes are often used to model small (unintended) leaks 
in physical systems; proximity of normalized surviving distributions to the physical measure 
of the closed system is a form of stability. More generally, the study of (/, M; H) can be 
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viewed as the study of dynamics on non-invariant domains. As an example of why such 
studies are relevant, consider the following. It is well known that attractors are important 
because they capture the large-time behavior of dynamical systems, but invariant sets that 
are not attracting can substantially impact the qualitative behavior of a system as well: Let 
A C M be such a set, and f/ C M a neighborhood of A. Then we may regard H = M \U 
as the hole. Slow escape rates from such holes are known to impact the speed of correlation 
decay of the closed system. 

Escape dynamics have been studied by many authors. We refer the reader to the part- 
review article jDYj . which contains many references, and will mention explicitly works that 
are closer to the present paper as we go along. Most previous works have focused on specific 
systems, such as Anosov diffeomorphisms, interval and billiard maps. In this paper, we seek 
a general understanding for as large a class of dynamical systems as we can. Specifically, we 
seek to relate escape rate to a dynamical invariant called pressure, which roughly speaking 
measures the discrepancy between metric entropy and sum of positive Lyapunov exponents. 
We now proceed to a discussion of what this paper is about. 

Setting and questions 

We begin with the simpler setting of a compact Riemannian manifold M without bound- 
ary and a diffeomorphism / which is at least C'^'^^ for some e > 0. In order to include 
applications to systems such as billiards, which are very important examples of dynamical 
systems of physical origin, we also allow M to be the union of a (possibly open) Riemannian 
manifold and a singularity set S, and / to be piecewise smooth. Precise conditions on S 
and the behavior of / near it will be introduced in Section 2. Riemannian measure on M 
(or M \S) is denoted by // throughout. Unless otherwise stated, the hole H is an arbitrary 
open set in M. 

Let 771 be a reference measure on M. We think of m as the initial distribution of mass in 
the phase space before any escape takes place, and take the view that initial distributions 
related to /i are of particular physical interest. Notice that m need not be /-invariant. Indeed 
one can interpret the situation as follows: The escape of mass can begin before or after the 
closed system / : M O reaches a steady state. In the first case, m is usually not invariant, 
and we assume it has a density with respect to fi. In the second case, we take m to be an 
SRB measure, which may be singular with respect to fi. 

A basic quantity of interest is the escape rate, defined to be —p{m) where 

p{m) = lim- log m(M") (1) 

n~^oo n 

when the limit exists. Here M" = n[LQ/~*(M\if) is the set of points which has not escaped 
by time n. In general, the limit in (fll) may not exist, and we write p and p for the liminf„_!.oo 
and limsup„_>.oo of the quantity on the right hand side. Notice that while p(m) depends on 
m, all initial distributions uniformly equivalent to m have the same escape rate, i.e. if ip is 
a function with - < f < c for some c > 0, then p{ipm) = pijn), and the same is true for p 
and p. 

For an /-invariant Borel probability measure u on M, the pressure of z/, denoted P^, is 
defined to be 

P. = Kif)- I X^du 



where h^{f) is the metric entropy of (/, z/) and A"*" is the the sum of the positive Lyapunov 
exponents counted with multiphcity. We will write Vg = sup^^gg Pj, where ^ is a collection 
of invariant measures. 

Given an open system {f,M]H), we define the survivor set to be the /-invariant set 
fi := n„gz/"^(M \ if)|^ Let X = I{Q) denote the set of /-invariant Borel probability 
measures supported on Q, and let <£^ C X be the subset of X consisting of ergodic measures. 
Assuming p{m) is well defined, we say p{m) satisfies a variational principle if 

p{m) = Vg for a suitable class of measures Q dX . 

Of interest also is whether the supremum in Vg is attained, i.e. if there is a measure v & Q 
for which Py = Vg. Obviously, one can also ask if p{m) = P^, for some z/ without mentioning 
any variational principles. 

The ideas in the last paragraph were suggested by a number of previously known results 
some of which are recalled below, but let us first summarize the questions to be addressed. 

This paper seeks to address for as large a class of dynamical systems as possible the 
following three questions for natural initial distributions m: 

Ql (Escape rate) Is the escape rate —p{m) well defined? 

Q2 (Formula for escape rate) Is p{m) = hy{f) — J X^dv for some v dX? 

The same question can he posed for p{m) and p{m). 
Q3 (Variational principle) Does p{m) satisfy a variational principle? 

Partial answers are given for very general dynamical systems, and complete answers for 
a more restricted class which includes many known examples. A concrete application to the 
leaky periodic Lorentz gas is mentioned explicitly. 

Earlier works 

Theorem 1. [B] Consider a C^"*"^ Axiom A diffeomorphism f : M O of a compact Rieman- 
nian manifold M. Let A <Z M be a basic set, and let X = X(A). Then Vx < 0, and Vx = 
if and only if A is an attractor. 

This is the first result that systematically relates the escape of mass to pressure: In the 
case where A is an Axiom A attractor, no mass can escape from a neighborhood of A, and 
Vx = 0; for non-attracting basic sets such as horseshoes, mass escapes at exponential rates 
and Vx < 0. The number Vx has been shown to be equal to the topological pressure of / 
with respect to the potential —log | det{Df^)\ on A; see [B] or |W] for more detail. 

The next result gives conditions under which the numerical value of Vx is explicitly 
related to the rate of escape. 

Theorem 2. |Ylt Theorem Ar\ Let f : M O be a C^"*"^ diffeomorphism of a compact Rie- 
mannian manifold M , and let H d M be an open set. We assume 



^If / is not invertible, we take n < in the definition of 51. 

•^Tliis result follows from the large deviation results in Theorem 1 (not Theorem 2) of [Ylj . Take if = 1 
on a closed set K and <l o^ M\K where Vt C uA{K) <Z K C M\H, and ^ sa - log | det{Df\E^)\ on fl. 



(i) Q is compact with d{Q, OH) > 0, and 
(a) f\n is uniformly hyperbolic. 
Then p{fi) is well defined and equals Vx- 

In both of the settings above, Vi = Vs, and Vx = Pv for some z/ G X. (The latter foUows 
from the continuity oi x \~^ log | det(D/|£;«)| and upper semicontinuity of z/ i— )■ h^{f); see 
[B]). Thus for uniformly hyperbolic survivor sets Q with d{Q, H) > 0, Q1-Q3 have all been 
answered in the affirmative. 

Several works went beyond Theorem 2 to give positive answers to Ql and Q2 in a num- 
ber of situations, including Anosov diffeomorphisms with Markov or small holes (with no 
requirement on i7 fl dH) |CMlt ICM21 ICMTj . uniformly expanding maps admitting Markov 
partitions |CMSj , piecewise expanding maps, and Collet- Eckmann maps of the interval with 
singularities |BDMj . Q3 was partially addressed in |CMlt [CMSt IBDMj : a variational prin- 
ciple was proved for an associated dynamical system, namely the symbolic dynamics of the 
original map (but not for the map itself). 

2 Statement of Results 

Three sets of results are stated: 

- Sect. 2.1 contains partial answers to Q3: lower bounds for p{m) are proved for very 
general dynamical systems; no results on upper bounds are reported. 

- Sects. 2.2 and 2.3 provide complete answers to Q1-Q3 for systems admitting Markov 
tower extensions with some additional conditions. 

- These results are applied to the periodic Lorentz gas with small holes (Theorem F). 

2.1 Lower bounds on p{m) for general dynamical systems 

Our results in this subsection will assert, in essence, that 

for very general dynamical systems, p{m) > Vg for reasonable choices of Q . 

Since Vg decreases with ^, this inequality is not meaningful for Q too small. Thus the 
selection of a suitable Q is an important part of the consideration. We start with £^, the set 
of ergodic invariant measures supported on the survivor set Vt. To obtain Q, restrictions will 
be placed on £ on account of 

I. the hole H, 

II. the initial distribution m, and 

III. singularities of the map /, if present. 

We discuss these 3 types of restrictions separately. The conditions we impose are admittedly 
motivated by our proofs, but the fact that they lead to a full variational principle for a large 
class of dynamical systems (see Sect. 2.3) suggests that these choices of Q are reasonable. 

Remark. One should keep in mind that the escape rate is defined by —p{m) when interpreting 
the inequality p(m) > Vg. Thus a lower bound for p(m) provides an upper bound of \Vg\ 
for the escape rate. 



In Paragraphs I and II below, / : M O is a C^'^'^ diffeomorphism; systems with singulari- 
ties are discussed in Paragraph III. Throughout the paper, B{x, r) denotes the ball of radius 
r in M centered at a; G M, and A^e(-) denotes the e-neighborhood of a set in M. 

I. Restrictions on Q due to the hole H 

The following definition gives a sense of which u E S we think impact the escape rate. Define 

Qh = {^ £ ^ I The following holds for z/-a.e. x: given any 7 > 0, 

3r = r{x, 7) > such that B{fx, re'^') C M \ H ior all i > 0} . 

Notice that ii u E S has the property that for some C,a > 0, v{N^{dH)) < Ce" for all 
e > 0, then u is in Qh (see Sect. 4.2, Paragraph 4). 

The definition of Qh can be relaxed in many ways; in particular, it is not necessary for 
the entire ball B{f'^x,re~'^'^) to be in M\H. We mention one formulation, leaving the reader 
to contemplate others: Given x G M, let W^{x) denote the local stable manifold of x of 
radius e. We call an open set O a W^ -neighborhood of x ii O (1 W^{x) 7^ for every e > 0. 
All of our results remain valid if 

(O) in the definition ofQu, B{f''x,re~^'^) is replaced by p{0) fl i?(/*x, re"'''*) 

where O is a W^ -neighborhood of x. 

II. Restrictions on Q due to the initial distribution m 

Two types of initial distributions are considered. 

(A) Initial distributions with densities, possibly localized 

Let m = fi^ = ipfi where y? > is in L}{^). For such an initial distribution, we consider 

Q^ = {u E £ : ^ Cy > Q and an open set Z such that u^Z) > and ip\z > Cy} . 
Theorem A. Let (/, M; H) be as above. Then 

(a) more generally, p{fi^) > Vg^^ng^ ■ 

Remark. Clearly, Q^ = S if ip > c ior some c > 0; thus (ii) reduces to (i). Here we permit (p 
to vanish on parts of M provided it is measurable with ess inf((/9) > on an open set of M. 
We do not claim that the restrictions imposed on Q^ are necessary, but if the support of ip 
is localized in the phase space, invariant measures supported elsewhere are clearly irrelevant 
since they cannot be "seen" by the initial distribution fi^. 

(B) SRB measures as initial distributions 

In (A), m = p^p is not necessarily an invariant measure. If, however, a steady state is 
reached before the leak begins, then it would be natural to take m to be an SRB measure 
/isRB, as we now do. For simplicity, we assume /Xsrb has no zero Lyapunov exponents. 

The challenge here is to identify a class of invariant measures ^srb that can be "seen" 
by the SRB measure /isRB) which is often singular. We call II C M a fisRB- hyperbolic product 
set if the following hold. 



(W.l) n = (ur") n (ur^) where r" = {u} and T" = {u'} are two sets of relatively open 
local unstable and stable manifolds such that each a; G F" intersects every u' G F* in 
precisely one point. In addition, there exist constants C > 0, A < 1 such that 

diam(T-"w) < CA" Vw G F" and diam(T"a;') < CX" Vw' G F^ 

where diani(-) denotes the diameter of the unstable or stable manifold. 

(W.2) /isRB|n(^) > for every relatively open A C H. 

(W.3) There exists a constant cr > such that for /Xgae-a-e. u G F", the conditional proba- 
bility of /isRB on CO has density ipuj ^ cr- 

We remark that (W.3) is a general property of SRB measures [LY]; we have listed it separately 
only for emphasis. Define 

^SRB = {i^ & S \ z^(n) > for a /isRB-hyperbolic product set 11} . 
Theorem B. Under the conditions above, P^Hsbb) > 'PgnngsHB- 

Remark 1. Observe that if / has an Axiom A attractor A and /Xsrb is the SRB measure on 
the attractor, then ^g^B imposes no restriction whatsoever on i/ ^ S, i.e. ^srb = ^■ 

Remark 2. In the case where the pushforward of Lebesgue measure fi tends to /Xsrb, one 
might be tempted to conclude that p(/i) = pifisRs)- This is not necessarily true, and the 
reason is as follows: Suppose / has a Lebesgue measure zero invariant set A (such as a 
horseshoe) away from the support of the SRB measure. The rate at which points escape 
from a neighborhood of A will be reflected in p{p) but not in p(/isRB); this can easily lead to 
p{p) > pipsw)- 

III. Restrictions on Q due to the singularities of the map / 

We state here a version of our results that can be applied to planar billiards; see Theorem 
F below. Following |KSj . we let U be an open smooth (at least C^) finite dimensional 
Riemannian manifold, and assume that M = f/ is a compact metric space of finite capacityjj 
where U denotes the closure of U. 

Let l{x,U) be the radius of injectivity of the exponential map exp^ : T^U — )■ U. We 
assume that there exist constants s, Cq, ^ > such that for each x,y E U such that d{x, y) < 
l{x, U) and w = exp~^{y), we have 

L{x,U)>mm{s,d{x,M\Uy}, ||D(exp^)(w;)|| < cq, and ||L>(exp;^)(y)|| < cq. (2) 

Let V be an open subset of U and let / : V" — )■ [/ be a mapping which is a C^ diffeomor- 
phism of V onto its image. Let S = M \V. We think of S as the singularity set of /. We 
assume that there exist constants Ci,a > such that for all x E V, 

\\DU < Cid{x,S)-'' and \\Df-'\\ < C,d{x,fS)-\ (3) 



■^This means there is some d < oo such that Hmsup^_j.g °^^^ J — d where C{r) is the minimum cardinahty 

of a covering of A/ by open balls of radius r. For billiards with corners the set U is technically not a manifold 
with boundary but a union of such glued together along some boundaries. 



Let fx = expr^ o /oexp^, denote the induced map on T^V wherever it is defined. We assume 
that there exists b > such that ii x & V, v ^ T^V and fx{v) is well-defined, then 



\D'Uv)\\<Cid{exp^{v),S) 



-b 



(4) 



Notice that for billiards with finite horizon, a = 1 and 6 = 3 (see |KSl ICM3] ). In what 
follows, we will assume without loss of generality that b > <; > 1. 

Into such a system we introduce a hole H C M. With regard to the choice of Q, 
in addition to the considerations above, we must also restrict to invariant measures that 
respect the singularities (see [KS]). Define 

gs = {ueS\3C,a>0 such that \/e > 0, iy{N,{S)) < Ce"} . 

Theorem C. Let {f,M;H) be as above. Then 
(i) for LP e L^/i), p(^<p) > T^gnngsng^, and 

(a) if f has an SRB measure fisRs with no zero Lyapunov exponents, then 
pifJ'SRB) > Vg^ngsngsRB ■ 



We finish with the following. 

Remarks on upper bounds and the attractor case: No general results are known for 
upper bounds on p{m), not even for m = ^. Consider the special case where f2 C M is an 
attractor. Assume there is a neighborhood O oi Q such that /(O) C O and Q = nn>o/"(0). 
Let H = M \ O and m = fi, so that p{m) = by definition. Since h^{f) < A;^ for all 
z/ G ^ [Rj, showing that p{m) < Vg in this case is equivalent to proving V^ = 0. The 
latter is known to be false in general, an example being the Figure 8 attractor (see Fig. 1), 
so one must rephrase the question to include some notion of "typicality". Still, P,^ = 
means either A^ = or z/ is an SRB measure jLYj . and whether attractors with nonuniform 
expansion admit SRB measures is well known to be a very difficult question; see e.g. |Y4] . 
Since any result on upper bounds for p{m) must include this attractor case, we conclude 
that in complete generality the question for upper bounds for p{m) (and lower bounds for 
escape rates) is intractable at the present time. 

We will, however, identify a large class of dynamical systems for which p{m) = p{m) = Vg 
for some Q. This is the content of Sects. 2.2 and 2.3. 




Fig. 1. Figure 8 attractor. The only invariant measure is 6p where p is the saddle point. 



2.2 Escape rate formula 

In this section, we assert for a class of dynamical systems the existence oi i) E 8 the pressure 
of which is equal to p{m), thereby answering Ql and Q2 in the affirmative. 

Let / : M O be a C^^"^ diffeomorphism or a piecewise smooth diffeomorphism as in the 
setting of Theorem C, and fix a hole H C M. We assume 

(A.l) {f,M) has a Markov tower extension (F, A); 

(A. 2) {F, A) has an exponential tail; 

(A. 3) {F, A) respects the hole H; 

(A. 4) the transfer operator on the "tower with holes" has a spectral gap. 

While (A.l) and (A. 2) are by now quite standard, and (A. 3) and (A. 4) have also appeared 
elsewhere, it will take a few pages to make precise this entire formal setting; we postpone that 



to Sect. 5.1, Let /isas denote the (unique) ergodic SRB measure on 7r(A) where tt : A — )■ M 
is the projection, and let r < 1 be the leading eigenvalue of the transfer operator on the 
tower with holes. 

We will use the following notation: Let m = ?7i^°^ denote a probability measure on M. 
For n > 1, let m^"^ denote the normalized surviving distribution at time n, i.e. m^"'^ = 
f^{m\M")/iTi{M"'), assuming m{M"') > 0. We call a measure m conditionally invariant with 
eigenvalue t ii m is supported on M \H and f*{m\j^,fi) = tm. 

Theorem D. Assume {f,M;H) satisfies (A.l)- (A. 4). Then 

(a) p^Hsrb) is well defined and equals logr; 

(b) psuB converges weakly to a conditionally invariant measure jj,^ with eigenvalue x; 

(c) there exists v G Qu H Qs such that 

P{Psrb) = Py ■■= Kif) - At ; 

(d) z> is defined by 

/>((/?) = lim r"" / (f dp^: for all continuous (p . 

In addition, z> enjoys exponential decay of correlations on Holder observables. 

Our construction of z> generalizes that in |CMSl [UMlj . which assume the maps in question 
admit finite Markov partitions. See |BDM] for the first generalization in this direction 
regarding pressure for one-dimensional maps with holes. Parts (a) and (b) of Theorem D 
are also known for the periodic Lorentz gas [DWl^] . We assert here that these results hold 
generally for any dynamical system admitting a tower with the stated conditions. 



2.3 A full variational principle 

Combining the results of the previous two sections, we are able to state a full variational 
principle (answering Q1-Q3 in Section 1) for maps admitting towers with a spectral gap as 



described in Sect. |2.2[ Let A C M be the reference hyperbolic product set which forms the 
base of the tower A. 

Theorem E. Assume {f,M;H) satisfies (A.l)- (A. 4), and let be as in Theorem D. 

(a) If fisRB = V'/^ where (p > 6 > on a neighborhood of A, then z> G Qh ^Qs ^G^ and 

PifJ-SRs) = Pu = 'PgjjnGsng^- 

(b) If A is contained in a fisRs-hyperbolic product set, then z> G Qh H ^5 fl Qsrb and 

P{Psrb) = Pu = Vg^ngsnGsRH- 

To our knowledge the condition in part (b) of Theorem E can be arranged in all known 
tower constructions. 

Remark on results for tower maps. We will, as an intermediate step to proving Theorems 
D and E, prove the corresponding results for tower maps with Markov holes. These results 
are stated as Theorems 4 and 5 in Sect. 5.2. 

An illustrative example: The 2D periodic Lorentz gas 

We conclude this section by stating an application of our results to a concrete example. 
The setting here is as in |DWYj : Let / : M O be a billiard map associated with a two 
dimensional periodic Lorentz gas with finite horizon whose scatterers are bounded by C^ 
curves with strictly positive curvature. The holes we introduce into M are derived from two 
types of holes in the billiard table X. We say cr C X is a hole of Type I if a is an open 
segment of an arc in the boundary of one of the scatterers in X. We say cr is a hole of Type 
II if it is an open convex set in X whose closure is disjoint from any of the scatterers. The 
hole a G X induces a hole H^ C M which we also call a hole of Type I or Type II. See 
|DWYj for more general holes and details on the geometry they induce in M. 

Theorem F. Let f be the billiard map in the last paragraph. Let H^ be a hole of Type I or 
Type II, and assume it is small enough in the sense of ID WY^ . Then 

(a) p{Psrb) = VgjjnGsi 

(b) there exists v G Qu H Qs such that Pc = p{Psrb)- 

Theorem F is an immediate consequence of Theorems D and E together with |DWY] : 
In |DWY] . towers with exponential tails respecting arbitrary holes of Types I and II are 
constructed, and for small enough holes the spectral gap property is guaranteed. Thus 
the conditions for Theorem D are satisfied; however, |DWYj does not address variational 
principles or pressure so that Theorem D, parts (c) and (d), as well as Theorem F are new 
results for this class of billiards. 

For the Lorentz gas, /Isrb = fP where ip = ccos9 so that we are in the setting of 
Theorem E(a); however, ip = only when 9 = ±7r/2 so that Q^ = £ since the set {9 = ±vr/2} 
does not contain any invariant sets by the finite horizon condition and so cannot contain the 
support of any invariant measure. 

9 



3 Ideas Common to the Proofs of Theorems A— C 

In this section, we first give the ideas common to the proofs of Theorems A-C Let / be the 
mapping in question, let m be the reference measure (i.e. m = //^ in Theorem A, m = /XgRB 
in Theorem B, and so on), and let Q be the relevant set of ergodic invariant measures with 
respect to which the pressure term is defined (i.e. Q = Qh H ^^ in Theorem A, and so on). 
This "generic" notation is used throughout Sect. |3] 

If ^ = 0, then Vg = — cxd and the theorem is vacuously true. Consider u & Q. Leaving 
precision for later, our proof will proceed as follows: For n > 0, we introduce dynamical 
balls in M" of the form 

B{x, n,g) = {yeM: d(f x, fy) < gifx), < z < n} n M" 

where M" = n"^Q/~*(M \ H) and g : M ^ IR+ is a suitable function to be specified (think 
oi it as g ^ e for the moment). We will prove 

/. Relation to entropy: u(B{x,n,g)) ~ e~'^^''^-^\ 

II. Volume estimate: m{B{x,n,g)) > e""'^" where Aj^ is the sum of positive Lyapunov 
exponents for z/-a.e. x. 

From Estimate I, we deduce that M" contains > e'^'^'^if) disjoint sets of the type B(x,n,g). 
This together with Estimate II gives 

m(M") >e'^^'^(-^)-e~"^^. (5) 

Taking log, dividing by n and letting n — )• oo, gives p{m) > h^{f) — A^, which is what we 
need. 

We now proceed to make these ideas precise. 

I. Relation to entropy. For this part we cite the following very general result. 

Proposition 3.1. Let ^ : X O be a measurable transformation of a compact metric space 
of finite capacity, and let 9 be an ergodic invariant measure for $. Let cjs be a family of 
functions satisfying \ge\oo < £ and f^^ — log gedO < oo, and define B{x,n,gs) = {y E X : 
(i($*x, $^|/) < ^e($*x),0 < 2 < n}. Then for 9 -a. e. x, 

lim liminf log 6{B{x,n,gi;)) = lim limsup log6{B{x,n,gi;)) = hgl^). 

e->0+ n-s>oo n e^0+ n-s>oo n 



Proposition 3.1 follows from JM| Lemma 2] and \BK\ Main Theorem]. Note that although 



|BKj is phrased in terms of a continuous map, the proof does not use this fact. 



In the proofs of Theorems A-C, Proposition 3.1 will be applied with $ = /, ^ = z/G^ 
and 

^e(x) := m.m{e, d{x,S)} 
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(iS = in Theorems A and B). Observe that intersecting B{x, n, g^) with M" does not affect 
its i/-measure since u is supported on the survivor set. From ulN^lS)) < Ce"', we have 



~ oo 

/ - log(^,) rfz/ < - log £ + V u{N,,^n (S) \ Ar,e-("+i) {S)){n + 1- log e 

oo 

< -loge + ^Ce"e-°"(n + l-loge) < oo 



n=0 



SO our gs satisfies the hypotheses of Proposition 3.1 



II. Volume estimate. Let g^ = ^gs- Continuing to let m denote the initial distribution 
and u E Q, we state the following desired volume estimate: 

Proposition 3.2. There exists a measurable set E G Q with v{E) > such that for v- 
a.e. X E E, 

suplimsup \og m{B{x,n,g^)) < A^. (7) 

£>0 n— >oo T^ 

Proof of Theorems A— C assuming Proposition |3.2| Let u E Q he given. We fix 5 > 0, 



and let a := i^{E) where E is as in Proposition 3.2, Using Propositions 3.1 and 3.2, we may 



choose first e > sufficiently small, and then uq = nQ{6,e) G Z"*" sufficiently large and a 
measurable set E' G E with i^iE') > cr/2 such that for every x G E', 

(i) u{B{x,n,3gs)) < e^^^^""^) for all n > rio; 
(ii) m{B{x,n,g^)) > e~"'('^''+^) for all n > Uq. 

For n > no, let C„ C -E' be a maximal set of points such that B{xi,n, ge)P\B{xj, n, g^) = 
whenever xt, Xj G Cn, Xi j^ Xj. By the maximality of C„, for every y G E', there exists Xi G Cn 
such that B{y,n,gs) n B{xi,n,ge) 7^ 0. We will show momentarily that y G B{xi,n,3g£). 
This will imply E' G U^^ec„Bixi,n,3g,), and hence |C„| > le"^'^^-^) by (i). 

To show y G B{xi,n,3g£), it suffices to show d{f^y, f^Xi) < 3ge{f^Xi) Wk < n, since 
y G E' G M". Now B{y,n,g^) H B{xi,n,gs) 7^ means there exists z G M such that 
d{f''Xi, f'^z) < geif^Xi) and d{f^z,f^y) < ge{f^y) for all < fc < n. Thus the assertion 
above boils down to the following lemma. 

Lemma 3.3. For any x,y G M, if there exists z G M with d{x,z) < geix) and d{z,y) < 
geiy), then d{x,y) < 3geix). 

Proof of Lemma. It suffices to show geiy) < 2ge{x), for that will imply d{x,y) < d{x,z) + 
d{z,y) < ge{x) + geiy) < 'igei.x), proving the lemma. Observe that 

d{y,S) < d{y,z) + d{z,x) + d{x,S) 

< geiy)+ge{x) + dix,S) < |%,5) + |rf(a;,5), 

the last inequality following from ge{-) < ^d{-,S). Altogether, this gives d{y,S) < 2d{x,S). 

To finish, consider the following two cases: 
Case 1: d{x,S) > e. With ge{x) = |e, ge{y) is automatically < 2ge{x) since it is < ^e. 
Case 2: d{x,S) < e. In this case geiy) < \d{y,S) < |(i(a;, 5) = 2ge{x). D 
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For each x G E', we have B{x,n,g^) C M" by definition. Since the B{xi,n,gs) are 
disjoint, we may estimate m{M^) by 

m(M") > ^ m(5(xi,n,t/,)) > \Cn\ ■ min m{B{xi,n,g,)) > ^e"(^-^-')e-"(^'^+'^). 

This yields 

hminf - log m(M") > K{f) - A+ - 2S. 

The theorem is proved since 6 was chosen arbitrarily. D 

To complete the proofs of Theorems A-C, it remains only to prove the volume estimate 



in Proposition 3.2 



4 Volume Estimates 



In this section we prove Proposition |3.2| in the various settings of interest. The basic argu- 
ment, which treats the case 5 = 0, m = yU, and z/ G Qh is presented in Sect. 4.1. Proofs of 
other cases in Theorems A-C are presented as modifications of this one. 



4.1 Proof of Proposition 3.2: Basic setup 



We consider here the most basic setup, namely where S = ^, m = fi, and z/ G Qh (as 



defined), and give a proof of Proposition 3.2 



/. Plan. From the pointwise nature of the result and the fact that the quantity on the left 
of (It]) increases as £ — )■ 0, it suffices to show that given k > 0, for u-a.e. x and arbitrarily 
small e > 0, there exists c(x, e) such that 

m{B{x, n, g,)) > c(x, e)e-"(^- +") for all n > . 

Here, (7e(-) = |e; remember that B{x, n, g,,) is a dynamical ball in M" (and not in M). Such 
an object is cumbersome to work with since it involves both the dynamics and the hole. To 
remove the hole from consideration, we introduce 

B*{x, n, e, 'j):={yeM: d{fx, fy) < ee-^' for < i < n} . 

By definition of Qh, for any 7 > and u-a.e. x, B*{x, n, |e, 7) C B{x, n, g^) for small enough 
e. Thus it suffices to prove, for a suitably chosen 7 and arbitrarily small e > 0, 

m(5*(x,n,e,7)) > c(x,e,7)e-"(^^+'') for all n > . (8) 

This is what we will do. Our strategy is to make these volume estimates in Lyapunov charts 
and pass them back to the manifold. 

//. Lyapunov charts and hyperbolic estimates. Let Ai < . . . < Ap be the distinct Lyapunov 
exponents of (/, z/), with multiplicities mi, ... , nip respectively, and let Ei{x) be the subspace 
of T^M corresponding to Aj. For each 2, we let Ri{r) denote the ball of radius r centered 
at in M™% and let R{r) = n^^j^i?j(r). We recall below the following facts about Lyapunov 
charts, following the exposition in |Y2] . 
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Proposition 4.1. IY2^ Sect. 3.1] Let 5 « miiij^j |Aj — \j\ he fixed. Then there is a 
measurable set V C M, i^(V"') = 1, a measurable function i : V ^ [^,oo) satisfying 
£(/^x)/£(x) < e^*^, and a family of charts {^^ '■ R{Si{x)~^) — ?■ M}x£V' with the following 
properties: 

(a) (i) $,(0) = x; 

(ii) D^.^{{id} X ■ ■ ■ X M™' X ■ ■ ■ X {0}) = Ei{x); 
(Hi) for all z, z' G R{5l{xy^), 

K-^d{<l>,z, <l>,z') <\z-z'\< i{x)d{<^,z, <^,z') 

where K is a constant depending only on the dimension of M. 

(b) Let fx = $7j 0/0$^. be defined where it makes sense. Then 

(i) e^'-^\v\ < \Df.^{<S)v\ < e^'+^\v\ /or t; G {0} x • • • x M™» x • ■ • x {0}; 

(it) Lip(/, - DfM) < 5; 

(iti)Up{Df,)<e{x). 

The following notation is used: Let T^M = E'^^{x) © E'^{x) where E^^{x) = (Bi-.x^yoEi^x) 
and E^{x) = (Bi:x^<:oEi{x). We will estimate the volume of the sets in question by looking at 
slices parallel to E'^^, and will do so in Lyapunov charts. Let i?™ and R^ be the subspaces 
in the charts corresponding to i?™ and E'^, and let R'^^{r) and R^{r) denote disks of radius 
r centered at in R'^^ and R'^ respectively. We will work with compositions of chart maps, 
writing 

fx '■= ff"-^x o ■ ■ ■ o /x , 

and study graph transforms by f^ of functions from R^^{r) to R'^lr). The precise assertions 
are as follows: 

(a) For all 7 > sufficiently small, there exist 5, a > small enough and a chart system 
(with 6 as in Proposition 4.1) such that the following holds for z/-a.e. x: Let r < 6i{x)~^, 
and let Qq : R'^'^{r) — > R^{r) be a C^ function with |^o(0)| < ^r and 11-0(7011 < o"- Then 
for i = 1, 2, ■ ■ ■ , there exists Qi : R'^^{e~'^^r) — )■ R'^{e~"'^r) defined on exponentially shrinking 
domains and with ||-D5'i|| < cr for all i such that inductively 

//>-i^(graph(5fi_i)) n R{e~^W) = graph(5fi) . 
That is to say, if F^ is the graph transform by /z, then for each i, Fji~i^((7j_i) = g^. 

(b) For g : R^'^{r) — )■ _R'*(r) and y G graph((7), let Tgijj) denote the tangent space to the 
graph of g at y. If 5 and a in (a) are small enough, then for y G graph(5fo) such that 
fi{y) G R{e-^'r) for all i < n, 

|det[D/;(y)|T,,(,)]|<e"(^"+='^^) 
where A"*" = J2rx >o^^i^i ^^d k =dim(_E'^"). 
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Notice first that with 26 < 7, we are assured that i?(e~'*'V) hes in the chart at /*x; this 
is because i{f^x) > e~"'^(i{x)] see Proposition 4.1. Since most of the other assertions in (a) 
and (b) follow from standard (uniformly hyperbolic) graph transform estimates, we will only 
sketch the arguments for a few key points. (A version of these estimates can be found in 
[Y2t Sect. 3.1]; see also |Ylt Sect. B] for similar results.) 

The "overflowing property" of the graph transforms can be justified as follows. Consider 
first the case where goifi) = 0. By Proposition 4.1(b)(i), \Dfx{0)v\ > e~^\v\ ^ (1 — S)\v\ for 
V G -R^". By Proposition 4.1(b)(iii) together with chart size, we have, for all 77 G R{r), 

\D~fMv - DW)v\ < Up{Df,)r\v\ < 6\v\ . 

This gives \Dfx{ri)v\ > (1 — 3(5)|f | ~ e^^'^|f | for v with a small enough component in W^. 
Thus with 6 and a sufficiently small relative to 7, the overflowing property is assured from 
step to step for go with go{0) = 0. For graphs that do not pass through 0, we pivot them at 
y G W^;^^ngraph(5fo) where H^^^^ is the stable manifold of a; in its chart. Since \fl{y)\ < 6^'^"+^^* 
where A^ = max{Aj : Aj < 0}, movements of f^{y) in the i^'^^-direction are negligible assuming 
7«|A,|. 

The assertion in (b) is proved similarly: We view det{Df2) as a product of determinants. 
At each step, | det(D/jia.(0)|i?cu)| < e^ '^'^^, and we may assume that approximations of the 
type in the last paragraph increase the error by a factor < e^^*^. 

///. Completing the proof. Putting assertions (a) and (b) in II together, we arrive at the 
following: Define 

5*(x,n,r,7) = {y G/?""(r) x R'Hr) : f^{y) G i?(e"^V) for i = 1, 2, ■ ■ ■ ,n} . 

We foliate B*{x, 0, r, 7) with planes {P} parallel to R'^'^{r) x {0}, and view them as graphs of 
constant functions. By the overflowing property of the graph transform at each step, fl{y) G 
i?(e~'''V) for alH < n is equivalent to /"(y) G i?(e~'^"r). Pulling back f^{P) fl R{e~'^^r), we 
use the bound in assertion (b) to estimate the area of P fl B*{x,n,r,'y). We then integrate 
over {P} to obtain 

Leb(P*(x,n,r,7)) > (-) ~ ■ (re"^")'' ■ 6"'^^^+^''^^ (9) 

where d =dim(M). 

We now return to the argument outlined at the beginning of the proof. Let k > be 
given. Assuming always 7 << \Xs\, we now take it small enough that 4^7 < k, and let 6 be 
small enough (with respect to 7) for assertions (a) and (b) to hold in the chart system {$x} 
associated with 6. For i/-typical x, we consider e small enough that B{f^x, ee~'^^)r\H = for 
all i > 0. Choosing r < e/K where K is as in Proposition 4.1(a)(iii), we deflne B*{x, n, r, 7) 
in the chart at x as above, and observe that $a.(P*(x,'n., r, 7)) C B*{x,n,e,'~f). To flnish, it 
remains to pass the estimate in ^ back to M. Proposition 4.1(a)(iii) gives a bound on the 
Jacobian of ^x, allowing us to conclude 

m($^(P*(x, n, r, 7)) > £(a;)-'^ • Leb(P*(x, n, r, 7)) > ce-"(^^+'') 

for some constant c depending on x, e and 7. D 
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4.2 Adaptations of basic argument to various settings 

We now explain how each of the other results in Theorems A-C is deduced from the proof 
in Sect. 4.1. 

1. The ly'^-neighborhood condition (O): We continue to assume 5 = and m = fi. To 



relax the condition from the original definition of Qh in Sect. 2.1 to the one given by (O), the 
proof in Sect. 4.1 is modified as follows: Given n, we fix 7, 6, a chart system {$a}, and a u- 
typical X e M. Let O, a l^^-neighborhood, and e be such that p{0)r\B{f^x, ee~'^'^) C M\H 
for all i. We need to show m{0 H B*(x,n,e,'j)) > c{x,€,'y)e~''^''^''^'^\ Let r < e/K. 

The following notation is used: For y G R{r) and small r] > 0, let R{y, rf) = y + R{rj)] if 
y = {y'^^, y'^) are the coordinates of y with respect to W^"^ and W, we write R'^'^{y'^^, rj) = y^" + 
R'^^{ri), and so on. To define the analog of B*{x,n,r,j) in Sect. 4.1, let z E O H Wf^^{x) be 
sufficiently close to x, let z := $~^(z), and let r' < r be small enough that ^x{R{z,r')) C O. 
Define B* {x, n,z,r','y) 

:= {y G i?^"(F", r') x R'{2\ ^r') : f^y) G Rif^, e" V) for ^ = 1, 2, • • • , n} . 

Since z G Wf^^i^x), f^{z) — )■ as i — )■ 00. It is straightforward to check that modulo a 
constant, Leb(5*(x, n, z, r',7)) is bounded below by the quantity on the right side of ([9|, 
and that ^x{B*{x,n,z,r','y)) C (O n B*{x,n,e,'y)). D 

In the settings below, we will revert back to Qh as defined, leaving it to the reader to 
extend the proof to include the condition (O) if they so choose. 

2. Initial distributions with densities: Continuing to assume 5 = 0, we let m = /i<^ 
for some ip G L}{^)- Let v G Qh H ^<^, and let Z and c^, have the meaning in the definition 
of Q^. Observe that for z/-a.e. x E Z and small enough e, one has /i<^(i?*(x,n, 5,7)) > 



Ciym{B*{x,n,e,'y)). An argument identical to that in Sect. 4.1 proves Proposition 3.2 with 



E = Z. D 

3. SRB measures as initial distributions: Continuing to assume iS = 0, we let m = /Xsrb 
as in Theorem B. Given z/ G Qh^Qsrb, we fix a ^sbb hyperbohc product set 11 = (ur")n(ur^) 
with z/(n) > 0, and show that the volume estimate for 'm{B*{x,n,e,'j)) in Sect. 4.1 holds 
for i^-a.e. x G 11. 

Let X G w" n cu^ G n be a //-typical point, where u'^ G F" and cu^ G F'^. Note that due to 



the uniform contraction of T"^^ and T~'^uj'^ required by (W.l) of Sect. 2. IB, x can have no 
zero Lyapunov exponents. Let VF;"^ denote the image of the local unstable manifold through 
x in its chart. Since local unstable manifolds are unique (up to size), $"^(0;^!) C VF;"^, which 
has the dimension of i?" and is tangent to it at 0. (Since no zero Lyapunov exponents is an 
assumption for Theorem B, we have i?" instead of i?™.) By conditions (W.l) and (W.2), for 
all small enough r > 0, there exists Fq C F" such that (i) jJisusiS^uieVo^) > and (ii) for every 
u G Fq, $~^(u;) n R{r) is the graph of a function from R^{r) to R^{r) with the properties of 
go in Sect. 4.1. Define 

5*(a;,n,r,Fo,7) = {v ^ U^gFo^^'c^ : fUv) ^ R{e-^'r) for z = 0, 1, 2, ■ ■ ■ ,n} . 
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With r small enough relative to e, clearly $a;(_B*(x, n, r, Tq, 7)) C B*{x, n, e, 7). To estimate 
the measure of this set, it is more convenient to bring fi^itB to the chart (instead of doing it on 
M): Let a be the measure ($~"^)*(/isH,B|u„gr <^) restricted to R{r). By (i) above together with 
(W.3), a{B*{x,0,r,TQ,'y)) > 0. We disintegrate a into conditional probability measures on 
the leaves {$~^a;}, letting a^ denote the measure in the transverse direction. To estimate 
the a-measure of B*{x, n, r, Tq, 7), we do it one ^"^cj-leaf at a time, integrating with respect 
to ar afterwards. Condition (W.3) ensures uniform lower bounds of the type in ^ for 
a^-almost all leaves. D 

4. Maps with singularities: We discuss the case m = n, leaving the others to the reader. 
Let u G Qh n Qs: and observe the following lemma. 

Lemma 4.2. Let E^^^ = {x & M : d{f^x,S) > ee~"''^ for all i > 0}. Then for any fixed 
7 > 0, lim^^o ^^(-^£,7) = 1- 

Proof. This follows from the simple estimate, 

KM\E,,,) = Y,^[f-\N,,MS))] =Y,^[N,e-AS)] < Y^Ce^e-^^^ < C'e 



j>0 j>0 i>0 



the first inequality coming from the definition of Qs- (See also |KSl Part I, Lemma 3.1].) □ 

This means that for x G -^£,7, we again have B*{x,n, ^£,7) C B{x,n,ge), for geif^x) = 
|min{e, (i(/*x,5)} > ^ee^'''\ 

Continuing to follow the proof in Sect. 4.1, we note that the definition of Qs together 
with ([3]) implies that J^log^ HD/^^H du < 00 where log'^'x = max{logx,0}, so Lyapunov 
exponents are well defined i/-a.e. In addition, the Lyapunov charts described in Proposition 
4.1 exist for this class of maps with some modifications due to the presence of singularities. 

Observe first that (a)(«), {o){ii) and {h){i) of Proposition 4.1 hold as stated since these 
quantities depend only on Df at a typical point x (see |KSl Part I, Theorem 2.2] )r] 



The other items of Proposition |4.1| are modified as follows. Fix 5 as in Proposition |4.1[ 
Then there exist a set V with viV') = 1 and a measurable function £{x) : V — )■ [l,C)o), 
with (i[f^x) < e^^i{x), such that for all e > sufficiently small, the charts ^^ are defined 
on R{5i{x)~^ gi;{xY) , where b is the exponent from Q, and satisfy 

(a) {iti') For all z,z' G i?(5£(x)~ic/,(x)^), 

K-^d{<l>,z, <^,z') <\z-z'\< iix)d{<^,z, $,z') 

where K is a constant depending only on the dimension of M and Cq from ([2]). 

(6) Let /a; = ^y^! o / o $^ be defined where it makes sense. Then 

(n') Lip(/, - DfM) < 5; 

(uz') Lip(D/,) < £{x)gs{x)-K 



^Although |KSj uses only a single splitting, T^M = Ea{x)Q)Ep{x), one can just as easily split the tangent 
space into (BiEi{x), one for each Lyapunov exponent, to obtain Proposition 4.1(6)(z) using an argument 
identical to that in |Y2| Sect. 3.1]. 
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Although the construction of these charts is similar to that found in [Pi IKS] , we include the 
necessary arguments in the Appendix since the statements we need are somewhat different 
from those found in the literature. 

With the charts {$x} in place, the proof follows a similar line to that given in Section 
4.1, with slight modifications due to the singularities. For example, assertion (a) is no longer 
a uniform statement for all x G V'\ rather, we need to choose r < 5l{x)~^ge{xY, but only 
after e is fixed depending on the rate of approach of x to the singularities. We state precisely 
these changes below. 



Fix K > and choose 7 << |As| such that (6 + A)k'~) < k. Using Lemma 4.2, we choose 
e > such that u^E^^^) > 1 — k. Next we choose 6 > with 26 < 7, so that there exists a 
chart system {^x}xev' with the modified properties as listed in {a){in')-{b){iii') above. Note 
that u{V' n E,^^) > I- K. 

We now choose x & V D E^^-y and prove the estimate ([s]). Note that B(f^x, ee~"'^) n{HU 
S) = 0. Finally, choosing r < 6i{x)~^ge{x)'' guarantees that the assertions (a) and (b) of 
Sect. 4.1 hold along the orbit of a; with 7 replaced by 7(6+1), for then i?(re~*'^*^''^^^) lies in the 
chart at /*x by definition of Ei^^^ and choice of r. In particular, fp^ is defined on R(re~^"'^^~^^^). 
We shrink r further if necessary so that r < e/{3K) and define B*{x,n,r,'~f{b + 1)) as in 
Sect. 4.1. Then by item {a){iii') above, $j;(i?*(a;, n, r, 7(6 + 1))) C -B*(x,n, |e,7) and the 
rest of the proof follows line by line with only minor changes to constants. For example, (|9]) 
has the factor (re~'^'^'^^^^^Y as indicated above. 



This proves Proposition 3.2 for all x G -£^£,7. But since k > was chosen arbitrarily, by 



Lemma 4.2 we conclude that Proposition 3.2 holds for z/-a.e. x. D 



5 Towers with Holes 



This section is exclusively about escape dynamics on towers. Sect. 5.1 reviews basic facts 



and notation for towers making precise (A.1)-(A.4) in Sect. 2.2 In Sect. 5.2 we formulate 
results analogous to Theorems D and E for towers with Markov holes. Proofs are given in 
Sects. 5.3 and 5.4. 

5.1 Review of definitions and basic facts 

I. Closed systems (without holes) 

Let / : M O is a (piecewise) C^^'^ diffeomorphism. The material below is taken from 



|Y3] . We recall only essential definitions, referring the reader to |Y3] for detail. 

Generalized horseshoes: The idea of a generalized horseshoe with infinitely many branches 
and variable return times, denoted (A, i?), is as follows: A C M is a compact subset with 
a hyperbolic product structure, i.e., A = (UF") fl (UF*) where F** and F" are continuous 
families of local stable and unstable manifolds, and /i^{a; fl A} > for every a; G F" where 
Hi^ is the Riemannian measure on the unstable manifold u. We say A** is an s-subset of A 
if A^ = (UF'") n (UF'*) for some F* C F*, and M-subsets are defined similarly. Modulo a set 
the restriction of which to each w G F" has /i^j-measure zero, A is a countable disjoint union 
of (closed) s-subsets Aj with the property that for each j, there exists Rj G Z+ such that 
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/^^ (Aj) is a M-subset of A. The function i? : A — ^ Z+ given by -R|a. = Rj is called the return 
time function to A. 

The definition of a generalized horseshoe includes conditions on hyperbolicity formulated 
as (P1)-(P5) in [Y3]. We will omit them and focus instead on the estimates derived from 
these conditions that we will need. Let u'^{x) and u^{x) denote respectively the elements of 
r* and F" containing x. 

• There is a separation time s : A — t- Z+ with the property that (i) s{x, y) = s{x', y') for 
x' G u^{x),y' G uj^{y); (ii) for x,y E Aj, s{x,y) > Rj, and (iii) for x G Aj, y G Aji, 
3 7^/, s{.x,y) < mm{Rj,Rj,). 

• There are constants C > and a G (0, 1), related to the hyperbolicity and distortion 
of /, such that if y G ijJ^{x), then d{f'^x, f^y) < Ca"' for all n > 0. 

The following facts about the Jacobian in the unstable direction are useful. For u, u' G F", 
the holonomy map 0^,^;' : cu H A — )■ w' fl A is obtained by sliding along stable curves, i.e. 
Quj,uj'{x) = a;*(x) n co'. Fix an arbitrary leaf a) G F". We let 6(x) be the unique point in 
uj'{x)nu, and define a{x) = logn^=o dot i)r(7'{2)) ' ^^^^^ detDp{x) = det(D/(x)|i5u(^)) is 
the unstable Jacobian of /. This function is used to define a family of reference measures 
{m^,tj G F"}, where m^ is the measure on u whose density with respect to fi^ is e" ■ luinA- 
For X G coDAi, let to' be such that f^*{ujnAi) = cu'. We define J''{f^){x) = Jm„,m^,(/^'|(wn 
Aj))(x), the Jacobian of f^ with respect to the measures m^ and m^/. 

Remark on notation: It is convenient in this section to follow the notation in [Y3], some 
of which conflicts, however, with earlier notation. For example, m in the last paragraph is 
not intended to signify any relation to initial distributions in escape dynamics, and Ci below 
is not related to the same notation in Sect. 2.1, Paragraph III. We do not believe this will 
lead to problems as the contexts are quite different. 

Lemma 5.1. ( IY3[ Lemma 1]) (1) For alluj, u' G F", {Qu),uj')*i^u} = ""^w'- 

(2) For each uj eV" andx e u, J"(/^)(x) = J''{f^){y) for all y G lo'{x). 

(3) 3Ci > (depending onC and a) such that for eachu G F", i G Z+ and allx,y G AiHu, 

J«(/^)(a;) 



nf^){y) 



< Ca'^f'^^'^'^yy^. (10) 



(4) snp^^^a{x) < oo and \a{x) — a{y)\ < 4Cq;2'^(^'^) on each u G F". 

We say (A, R) has exponential return times if there exist Co > and 6q > such that 
for all u G F", ii^{R > n} < CqOq for all n > 0. This property (in fact, integrability of R 
is sufficient) plus the requirement that g.c.d.ji?} = 1 guarantees that / has a unique SRB 
measure /Isrh with /isRB(A) > ( |Y3( Theorem 1]). 

"Hyperbolic" Markov towers: Given / with a generalized horseshoe (A,i?), it is shown 
in [Y3j that one can associate a Markov extension F : A — )• A which focuses on the return 
dynamics to A. The set A is the disjoint union U£>oA£ where A^, the £"" level of the tower, 
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is defined to be A^ = {{x,i) : x G A,R{x) > i}, and F is defined by F{x,i) = {x,i + 1) 
for i < R{x) — 1 and F{x,i) = (/^x,0) when i = R{x) — 1; that is to say, F maps (x, 0) 
successively up the tower until the return time for x is reached. A projection vr : A — )■ M 
with 7roF = /o7ris uniquely defined assuming the natural identification of Aq with A. 

For notational simplicity, we will often refer to a point in A as a; when the level i is made 
clear by context. 

The separation function s(-, ■) above defines a countable partition {Aij} on A: for x,y E 
Ao, s{x,y) = inf{n > : F"-x,F"'y lie in different A^j}. It is easy to see that {A^j} is a 
Markov partition for F with Aq as a single element. Let A^ • = A^j fl F~^Ao. Note that 
F|a* . maps A}j bijectively onto a w-subset of Aq, and if we rename the collection {F~^A^j} 
as {(Ao)j}, then {(Ao)j} is a countable collection of closed subsets of Aq the vr-images of 
which are precisely the {Aj} in the paragraph on generalized horseshoes. 

Stable and unstable sets for Aij are defined as follows: Let r*(7r(A^j)) and r"(7r(A^j)) 
be the stable and unstable families defining the hyperbolic product set 7r(A£,,). We say 
Co C Aij is an unstable set of A^.j if Tr{u) = a; n 7r(A£j) for some u G r^{7T{Aij)). Since 
there can be no ambiguity, we will use r"(A^j) to denote the set of all such a), and let 
r"(A) = Uej^'iAej). Stable sets of Aij and r^(A) are defined similarly. 

Two reference measures /i^; and m^ are defined on w G r"(A) as follows: On Aq, identi- 
fying CO G r"(Ao) with oo'nA for oo' G r''(A), /l^ is simply ^uj'lu'nA and rh^ is m^^/. Once these 
measures are defined on w G r'^(Ao), there is exactly one way to extend them to U£>or"(A^) 
so that if J'^[F) and J'^{F) denote the Jacobians of F on unstable sets with respect to fi^ 
and fh^ respectively, then J^{F) = J^{F) = 1 on A\F~^(Ao). Notice also that if we extend 
a to Ui^oAi by a{x) = a{F~^x), then dm^ = e"" djl^ on all uj G r"(A). 

Quotient "expanding" towers: Associated with F : A — )■ A is a quotient tower F : A — t- 
A obtained by collapsing stable sets to points, i.e., A = A/~ where for x, y G A, x ~ y if 
and only if y G uj{x) for some uj G r'^(A). Let vf : A — t- A be the projection defined by ~. 
We will use the notation A^ = lx{A(), A^j = 7f(A£j), and so on. 

[1) and (2) together imply that there is a natural measure m on A with 



Lemma 



5.1 



respect to which the Jacobian of F, JF, is well defined: specifically, we have JF = 1 on 
A \ F (Ao), and for x G Aq, JF (x) = J"(/^)(y) for any y G uj^i^x). Finally, with the 
definition of separation time inherited from Aq, the distortion bound in Lemma 5.1(3) holds 
for JF on Aq. 

II. Systems with holes 

The setting is as in Paragraph I. We fix an open set H d M and call it "the hole." 

Towers with Markov holes (following [DWY]): Let (F, A) be the tower arising from the 
horseshoe (A, R). We say (F, A) respects the hole H if the following conditions are satisfied: 

(H.l) Ti^^H is the union of countably many elements of {Aij}. 

(H.2) 7r(Ao) C M \ H, and there exist 5 > 0, {i > 1 such that all x G 7r(Ao) satisfy 
dif'x, S[JdH)> (5^f " for all n>0. 

Because of (H.l), we refer to n^^H, the hole on A, as a "Markov hole." This implies in 
particular that for every i and £ with < £ < Ri, /^(Aj) either does not meet H or it is 
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completely contained in H. Equivalently, on the tower (F, A), each (Ao)j either falls into 
the hole completely on its way up the tower or returns to Aq intact. 

Earlier on we have used (/, M; H) to denote an open system. Observe that (F, A; tt~^H) 
and {F, A; H) where H = 7f{n~^H) are open systems of the same type. As before, we write 

A" = n^=o^"'(^ \ ^'^H) = {x e A : F'x ^ TT-^H for < z < n} , 

and A°° = n^g^"- In particular, A° = A \ n-^H. The notation F" = F'^U" for n > 1 is 
sometimes used to distinguish between the system with and without holes. Corresponding 
objects for (F, A; H) are denoted by A and A etc. 

III. Abstract towers and a notion of spectral gap 

In Paragraphs 1 and 11, we considered towers that arise from generalized horseshoes. 
Towers can, in fact, be defined in the abstract. Leaving details to the reader, an abstract 
expanding tower is a dynamical system F : A — t- A where Aq is a compact set, A = U£>oA£ 
has a tower structure, F moves points up the tower until their return time R; there is a 
countable Markov partition {A^ ,,•} on A which is a generator and a reference measure m 

with respect to which we have (i) JF = 1 on A\F (Aq) and (ii) modulo a set of m-measure 

D 

zero, Aq = Uj(Ao)j where F maps each closed set (Ao)i homeomorphically onto Aq with 
the distortion bound in Lemma 5.1(3). Abstract expanding towers with Markov holes H are 
defined in the obvious way, as are abstract hyperbolic towers. 

Given (F, A) with m{R > n} < CqOq for some Cq > 1 and Oq < iF] we fix /3 with 



1 > /3 > maxj^o? v^} where a is as in Le mm a 5.1 3), and define a symbolic metric on A by 
dp{x,y) = (3'^^^''^\ Since (3 > y/a, Lemma 



to this metric. Let B = {ip & L^{A., m) 



5.1 



3) implies that JF is log-Lipshitz with respect 
< oo} where \\ip\\ = ||V^||oo + ll^lkip and 



,=sup sup |^(x)|/3 , II^IIlip = supLip(?/'|^^P/3 . 

Lip(-) in the last displayed formula is with respect to the symbolic metric dp, and {B, || ■ ||) 
so defined is a Banach space. 

Now consider the open system {F,A;H) where if is a Markov hole. Following [BDM], 
we let C denote the transfer operator associated with F\-^i defined on B, i.e., ior ip E B and 

X eA, 

Ci^ix) = i^{x) Y. i^{y){JF{y))-'. 

We say (F, A; H) has a spectral gap if 

(i) C is quasi-compact with a unique eigenvalue r of maximum modulus, and 

(ii) r is real with /3 < r < 1; it is simple, with a one- dimensional eigenspace. 

^Our default rule is to use the same symbol for corresponding objects for /, F and F when no ambiguity 
can arise given context. Thus R is the name of the return time function on A, Aq and Ag. 
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Notice that if /i G i3 satisfies Ch = xh, then hm defines a conditionally invariant measure for 
F with eigenvalue r, i.e. F^:{hm)\^\jj = v ■ hfn. 

Finally, if {F, A) is an abstract hyperbolic tower that projects onto {F, A), and if C A is 
a Markov hole which projects onto H, then we say [F, A; H) has a spectral gap if [F, A; H) 
does. 



The conditions (A.1)-(A.4) in Sect. 2.2 have now been made precise 



5.2 Variational principles for (F, A; H) and (F, A; it ^H) 

As noted earlier, our aim in this section is to prove, as an intermediate step for Theorems 
D and E, a version of the corresponding results for the open system (F, A; 7r~^if). These 
results are deduced from some previously known results for (F, A; if), which we first recall. 

I. Results for expanding towers 

We consider here an abstract expanding tower {F,A;H) with Markov holes. The fol- 
lowing notation is used: Let B be the function space above, and define Bq to be the set of 
bounded functions in B whose Lipschitz constant is also bounded, i.e. the definition of Bq 
is the same as that of B, but with the weights (3^ removed. Let A1;p(A ) denote the set of 
invariant measures on A , and define 



Q^={fiE M^A"^) I f/(log JF) < oo} . 

Theorem 3. (mostly |BDMj : see Remark below) Assume m{R > n} < Cq9q, and {F, A; H) 
has a spectral gap with largest eigenvalue tr. Let h^ & B be the unique eigenfunction ofx with 
J h^dm = 1. Then: 

(a) There exist constants D > and r < 1 such that for all ip E B, 

||r-"£"^ - d{^)h4 < F'll^llr", where d{^) = lim v"" / ip dm <oo. 

"■^°° J A" 

Assume additionally 

(*).■ 3C >0 and0 e (r-^^o, 1) such that log JF"|^^n{R=n} < C"^"" M all n>0. 

(h) logr = Vg- := sup {h^(F) - fjogJFdr]] . 

(c) Let V he defined by 

//((/)) = lim r~" / iph^: dm for all ip E Bq . 

Then V G Q^ and attains the supremum in (b). 

(d) Other properties ofV are that {F,V) is ergodic, and enjoys exponential decay of corre- 
lations between ip and ifj o F for ip E Bq and ip G L°° . 
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Remark. The restriction r/(log JF) < oo, which appears in the definition of Q-^, is omitted 
in [BDM], as is the condition (*), which is extremely mildjjbut a condition of this type is 
needed to ensure that z7 G Q^. Since a main novehy of Theorem 3 is the noncompactness of 
the phase space A, and these conditions are directly connected to the finiteness of various 
quantities, we will provide sketches of corrected proofs of Theorem 3(b) and (c) in Sect. 5.3. 
The proofs of parts (a) and (d) in [BDM] are unaffected. 

II. Results for hyperbolic towers arising from (/, M; H) 

We now return to the setting of Sect. 2.1, where / : M O is a C^^^ diffeomorphism with 
or without singularities. Let H C M, and assume that the open system (/, M; H) satisfies 
(A.1)-(A.4) in Sect. 2.2. 

We first recall the following result proved in |DWYj as part of our study of billiard 
systems with holes. Let B be the class of measures a on A with the following properties: (i) 
a has absolutely continuous conditional measures on unstable leaves; and (ii) 7f*o" = ip^dm 
for some ipa ^ ^■ 

Theorem 4 ( |D W Yj ) . Under the conditions above, the following hold for [F, A; 7i~^H): 
(a) For all a & B with d{ip^) > 0, where d{ip^) > is as in Theorem 3(a), 

logTr= lim — logcr(A") i.e. p(cr) = log r . 

n— s>oo Tl 

(h) There exists a conditionally invariant distribution /i* G B, such that F^ji^ = r/i*, 
7f*/i* = Km, and for which the following hold: For all a E B, 

_ » - . - F'^a 
lim r "-F"cr = d{ip^) ■ fi^ , and if di^ip^) > 0, then lim — — = yU^, 

where the convergence is in the weak* topology. 

The measure /i* can be thought of as the physical measure for the leaky system {F, A; n^^H). 

We formulate in Theorem 5 the results which, along with Theorem 4, will give the analogs 
of Theorems D and E for {F, A; tt^^H). Let Aip{A°°) denote the set of invariant probability 
measures supported on A°°, and define 

gA = {ve Mf{A^) I r/(log J;F) < cx)} . 

Furthermore, let C^(A) be the set of bounded functions on A which are continuous on each 
A^j. We postpone the definitions of Lip'* (A) and Lip'" (A) (other function spaces that will 
appear) until after the theorem. 

Theorem 5. Let {F, A; tc^^H) be as above. Then the following hold. 



^We observe that (*) holds for all the towers constructed in [BDM]; indeed, in that setting, 
log JF I Aon{fl=n} — ^" ^^'^ ^^1 measures r] e Mj^iA ) satisfy ^(log JF) < oo. 
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(a) logr = Vg^ = sup {h^{F) - I log J^Frfr^l . 
(^6^ Let V he defined by 

i){ip) = lim r"" / ipdfl^ for all (p e C^(A) . 

n-s>oo y^„ 

r/ien u & Qa o-nd it attains the supremum in (a). 

(c) Other properties of v are that {F, v) is ergodic, and exhibits exponential decay of cor- 
relations between (f and ip o F" for (f G Lip"{A) and ip £ Lip^{A). 

The function spaces Lip* (A) and Lip" (A) are defined as follows. For w* G r*(A) and 
X, y G w'* C Aq, we denote by ds{x,y) the distance between 7r(x) and n^y) according to 
the Riemannian metric on M, and extend d^ to u'^ G U£>or'^(A£) by setting ds{F^x,F^y) = 



a ds{x, y) for all £ < R{x) and y G u^i^x). It then follows from Sect. |5.l[ I that ds{F^x, F'^y) < 
Ca^ for all n > and x,y G A, j/ G uj^{x). For 99 G C°, let Iv^Ilip be the supremum of 
Lipshitz constants of v^U^ with respect to dg, as a;"* ranges over all stable sets in r''(A). Then 
Lip*(A) = {(y9 G C^ : Iv^Il; < 00}. The function space Lip"(A) is defined similarly using 
|(/9|".p where Iv^l^ip is the Lipschitz constant of (p restricted to unstable sets in the metric c?^. 



5.3 Outline of Proof of Theorem |3Kb),(c): fBOMf amended 



We assume part (a) of Theorem 3 has been proved, and proceed to the proofs of parts (b) 
and (c), following mostly |BDMj and highlighting several finiteness issues. 

1. Return map to Aq and the full shift T : Sqo O 

Since F is not defined everywhere on A, let us first make precise the definition of the 
survivor set A . Recall from Sect. 5.1 that modulo a set of m-measure 0, Aq is the disjoint 
union of a countable number of closed subsets (Ao)j with the property that 

(i) in the absence of H, F maps each (Ao)j homeomorphically onto Aq, and 
(ii) with H present, each (Ao)j either falls entirely into H on its way up the tower or 
returns to Aq intact. 
We rename the subcoUection {(Ao)j} that return to Aq in (ii) as {Ai}, and define 

a;^ := A°° n Ao = n„>o(F''r"(u,A,) . 

It is easy to see that there is a bijection ttq : Ag — )■ Sqo = 11^^(1, 2, 3, ■■■ } such that 
ttq o F = T o ttq where T : Sqo O the full shift. Moreover, with Aq given its relative 
topology as a subset of Aq, and Sqo given the topology defined by cylinder sets, ttq is a 
conjugating homeomorphism. 

Let Zn denote the set of cylinders in Eqo defined by coordinates 1, ■ ■ • ,n, and write 
Z = Z\. We introduce a metric d on Sqo compatible with its topology defined by {2„}: 
For a;,y G Soo, define s{x,y) = mm{i G N | T^x,T^y lie in different Z G Z}, and let 
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d{x,y) = /3*(^'?') (where (3 is as in Sect. 5.1). We say a function : Sqo — )■ M is locally Holder 
continuous if 

sup{|</)(x) - 0(y)| ■ /3-^(^'2^) ■.x,yeZ}<oo. 



ZgZ 



2. Sarig's abstract results on the pressure of T : Sqo O 

We recall here a few relevant results for T : Sqo O. These results were proved in [S] in 
more general settings of topologically mixing countable Markov shifts. Given (p : E^o — >■ M, 
let Sn4> = X]r=o 4> °T\ The Gurevic pressure of is defined to be 



Pg(0,^)= lim -log I V e' 



\T"a;=a;; xeZ 

where Z is any fixed element of Z. For locally Holder continuous, it is shown in [S], 
Theorem 1, that the limit above exists and is independent of Z. This number is < oo in 
general, and is equal to oo for many given that T is an infinite shift. 

We will also need the following definitions: The transfer operator associated with is 
given by 

C^il}{x) = 2, ^ 4'iy)^ ^or bounded -0. 

Ty=x 

Let A^t(Soo) be the set of T-invariant Borel probability measures on Sqo- Given a potential 
: Soo -^ K, we say 7] G Airi^oo) is a Gibbs measure for if there exist constants C > 1 
and Pri ^^ such that for any n > 1, Z„ G 2n and x G Zn, 

Q-l^Sn<P{x)-nP^ < r]{Zn) < Ce^"'^W-"^'7. (11) 

The following version of results from [S^ are adequate for our purposes: 

Theorem 6. Let T : Sqo O be as above, and let : Sqo -^ M. be locally Holder continuous. 
Assume l^^lloo < oo. Then: 

(1) 13 Theorem 1] Pg{<P) < oo; 

(2) /3 Theorem 3] 

Pg{4>) = s'^viKi'^) + / ^^V I V ^ Mri^oo) and r]{-(j)) < oo} . 

(3) ]3 Theorem 8] Suppose t] is a Gibbs measure for 0, and r]{—(f)) < oo. Then 

PGi(p) = P^ = h,{T)+ Udr]. 

It follows from (1) and (2) above that for rj G A^t(Soo), hri(T) < oo provided |£<^l|oo < oo 
and rj{—(j)) < oo. 

Notation: In what follows, we will identify F : Aq O with T : Sqo O and use the two sets 
of notation interchangeably. We also introduce the following notation: given r/ G M.-p{A ), 

let fjQ denote the measure ( =7^^^) Ia°°- It is easy to see that fjQ G Adj,R{AQ ). 
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3. Relating pressure on {F, A ) to that on {F , Aq ) 

Let = — log(r^ JF ). The aim of this step is to prove that for every fj E J^p{A ) 
with fj{log JF) < oo, 

V(A^)-' {h^(F) - f]{\og JF) - logr} = h^^ip'') + fjM < Pg{<P) < oo . (12) 

The last two inequahties follow from Theorem 6(a), (b) once we check (i) is locally 
Holder continuous with respect to the metric d, (ii) |jC(/,1|oo < oo, and (iii) %(— 0) < oo. 



For (i), notice that by Lemma 5.1, is locally Holder continuous with respect to the 
separation time metric dp, and s{x,y) < s{x,y). 

For (ii), let Z{y) denote the element of Z containing y G Ag . We fix x G Aq and use 
the bounded distortion of JF given by Lemma 5.1[ 3) to write 

C^l{x) = Y, t-^^'^JF^'iy))-' <CJ2 t-^(^)m(Z(i/)) 

Ty=x Ty=x 

< C^x-'^miR = n}< C'^r""^;? < oo . 

n>l n>l 

Here we have used t > ^o and the fact that F maps each Z E Z bijectively onto Aq . 
For (iii), we will show f]{logJF) < oo implies TJQ{—(f)) < oo: Since JF = 1 on A\F Aq, 

/ log JF^ rff/o = viK^)-^ [ log JF dri = fi(A'^)-^ [ log JF df) . 

Ja^ Jf-^a^ Ja°° 

Thus if r7(log JF) < oo, then, noting TJ^Aq ) f RdTjQ = 1, we have 

r/o(-0)=/ log(r^JF'^)rfr7o= / R\ogxdf)^+ log J f"" df)^ 

Ja^ Ja^ Ja^ (13) 



-OO, 



= (logr + //(log JF)) -//(Aq ) ^ < oo . 
This completes the verification of (i)-(iii). 



The equality in (|12|) follows from (|13|) together with the general formula of Abramov 



which says that /ijj(F) = hf^g{F )tj{Aq ). In all the references we know of (e.g. |Pet §6.1]), 
this equality is proved assuming the invertibility of the transformation. In the situation 
above, F is clearly not invertible, but the same result is easily deduced by passing to natural 
extensions; see Appendix B. 

4- Existence of a pressure-maximizing invariant measure V 
Let u be the linear functional on C°(A) defined by 

I/(^) = lim r"" / C \h^ip)dm= lim v~" / iph^dfn . 
"^°° J A "^°° is" 

We refer the reader to [BDM] for verification that 1/ is a well defined, F-invariant probability 

-r-OO 

measure on A . 
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The aim of this step is to show that plugging t] = u into (12), we get 



h^.iP'') + z7o(0) = Pg(0) = and h^{F) - z7(log JF) = logr . (14) 

Observe from the definition of in Step 3 that e^"'^'^''^ = ■c~'^"^(^)(J(F )"(x))"^ The 
following lemma shows that uq is a Gibbs measure for the potential 0, with Pj7q = 0. 

Lemma 5.2. IBDMl Lemma 5.3] There exists a constant C > 1 such that for any n > 1, 
any n-cylinder Z^ G Z^, and any y^ G Zn, 

C-\-'^"''^y*\j{Fy{y,))-' <lyo{Zn) <Cx-'"''"^y*\j(Fy{y,))-' . 
It remains only to check that I7(log JF) < oo, for this bound implies I7o(— 0) < oo (see 



Step 3 above), and once we have that. Theorem 6(c) gives the first equation in (14). The 



second equation follows from (12) and the first. 

In what follows, C will be used as a generic constant the value of which is permitted to 
vary from line to line. To prove z7(log JF) < oo, we first estimate 

MR = n} = Yl ^o(^) < Yl Cx--{JF''{y*)r' 

ZeZ:R{Z)=n Z&Z:R{Z)=n 

(15) 

< c Y ^""Hz) < ce^x-"" , 

Zi^Z:R(Z)=n 

where y^, is an arbitrary point in Z. The first inequality comes from Lemma 5.2, the second 
from Lemma 5.1(3), and the third from the tail bound for (A, F). Using the invariance of V 
and the fact that JF = 1 on A \ F~^(A), we obtain z7(log( JF)) 

= Y Y /log(JF")rfz7=^z7{i? = n}|logJF"|oo<C^(eot"i)"r"<oo . 

n>l R{Z)=n'^ ^ n>l n>l 

The inequalities above come from condition (*) in Theorem 3; this is the only place in the 
entire proof that uses this condition. We have also used the fact that V{R = n} is bounded 
by ^'(Aq ) times the last quantity in (15). 



Parts (b) and (c) of Theorem 3 follow immediately from Steps 3 and 4. D 

5.4 Proof of Theorem [5] 

We will prove this theorem by leveraging the corresponding results for expanding towers. 

Variational principle (Theorem 5(a),(b)): First, we show 

sup (/i,(F) - [ log j;{F)dri] < sup {h^(F) - [ log J(F)dr]] , (16) 

which follows immediately from the following lemma: 
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Lemma 5.3. Let t] E Qa O'^d define rj = Tt^rj. Then t] G Q-^ and 
(t) j\ log J«F rfr/ = /^ log JF dfj; 
(%t) h^{F) = hrj(F). 

Proof of Lemma \5. 3\ Let rj G Q/^. The fact that f/ = vf^,?] G A^j?(A ) is clear. That fj G ^2" 
will follow once we prove assertion (i) of the lemma: From Sect. 5.11, we see that log J^F 
and JF are related by JF oW= JJ^F ■ e°'°^~°' for a bounded function a (Lemma 5.1(4)). It 
follows that 



/ log JJlFdr]= / (logJFoTf + a-aoF) dr] = llogJF 

J A J A J A 



df) , (17) 



the invariance of 1] being used in the second equality. 

Assertion (ii) follows from (a) the entropy of a transformation is equal to that of its 
natural extension, and (b) the natural extension of {F, if) is isomorphic to that of (F, ff). See 
Appendix B for more detail on (b). D 

To complete the proof, we will show that (i) the results of Theorem 3 are applicable to 
the quotient tower, and (ii) v as defined in part (b) is in Q^ and projects to v. These two 



steps together will show that (16) is in fact an equality, and the quantity on the right is 
= logr. 

To apply Theorem 3, it suffices to show that condition (*) holds in the present set- 
ting, i.e. for the quotient tower of a hyperbolic tower arising from (/, M; H) and satisfying 
(A.1)-(A.4). Notice first that (*) holds if ||-D/|| is bounded, for J^F" can grow at most 
exponentially and JF on the corresponding set is < J"F" -el"!"" where a is as in Lemma 5.3. 
Thus there is a potential problem only in the setting of Theorem C, where ||-D/|| may become 



arbitrarily large as one approaches the singularity set S. Here it is (H.2) of Section 5.1 II 
and ^ in Sect. 2.1. Ill that give what we need: Since F~^ Aj = {a; G A : R(x) > j}, we have 
d{7iAj, S) > 5^1 ■^ for some 5 > and .^1 > 1 by (H.2). This together with ^ implies that on 
7r(Aj), I det{Df\Eu)\ < {Ci5~''^^^y where p is the dimension of E"". Thus on Aq n {i? = n}, 
we have 



n-l 

2 



log j;^F" = ^ log I det(D/|su) o /J| < const n 

j=0 

which, as explained above, gives (*). 

It remains to produce u with the properties in (ii). Let /i* be the physical conditionally 
invariant distribution from Theorem 111 For (/? G Lip"(A), define jl'^ to be the measure such 
that dfi'^ = (fdfi^. Notice that since 7f*/i^ G B and |(y9|oo + Iv^Ilip < ^^5 "^^ ^Iso have W^fl'^ G B. 
Let ip^ denote the density of W^jl'^ with respect to m. Now using Theorem 4[b), 

lim r"" / ipdfl,= lim r-"/i'^(lA") = lim r-"F;^/i^(l) = d{i^J. 

Let Q(v?) = dijp^p). Then Q is clearly linear in y?, positive and satisfies Q(l) = 1. Also, 
|Q(v')| < Iv^looQ(l) so that Q extends to a bounded linear functional on C°(A). By the 
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Riesz representation theorem, there exists a unique Borel probabihty measure v satisfying 
z/((y9) = Q(v?) for each </? G C°(A). Since 1a" = 1a"-i ° F ^ the invariance of z> follows from 



v[LpoF)= lim r "/i*(v3oF- Ia^) = lim r ^F^[x^[Lp-\^-n-i) = lim r^ "/i^,((y9 ■ 1a"-0 = ^(v^) 



n— >oo 



by the conditional invariance of /i* . 

Since (7f^,/i*)|A" = (^*^)|a" fo^ every n, it follows that vf,,// = V. To place i> G ^a, we 



need to show t'(log J'^F) < oo. This is true by (17) with rj = i> and the fact that the integral 
on the right is known to be finite. 

Other properties of 9. The ergodicity of i) follows from that of V. To show that z> enjoys 
exponential decay of correlations, we begin by decomposing z/ into conditional measures 
i)'^ on w'-leaves and a transverse measure ut on the set of stable leaves in each A^j. For 
(p G C°, define ^(x) = /^^w^,) ^pdi)'^. Since each z/'' is a probability measure, we have ^ G C°. 
By definition, ^ is constant on w^'-leaves and i^{<f) = vijp) = "i^ijp)- Also if y? G Lip"(A), then 
Tp G Lip" (A) so that we may consider ^ G Sq as a function on A. 

Now let if G Lip"(A) and ip G Lip'^(A) with i'{'^) = i^{ip) = 0. Define Ip as above and let 
^fc(^) = IujHx) i' ° F^ di)^. Note that />(■?/';,) = u^ip) = 0. Then setting n = k + i, we write 

i){^^oF-) = i)i^i^PoF--i^,oF')) + i)i{^-^)i^,oF') + i){lp^,oF'). (18) 

Since ^ and x/jj. are constant on cu'^-leaves, we have ^{'ip'il^f, o F^) = Vijpipf^ o F ) and uijp) = 



i^{4'k) = 0- Then since cp E Bq and ■?/';. G L°°(A), the last term in (18) is < Cr ||(y9||e(j|'?/'|oo 
for some r < 1 by Theorem [std) (see also |BDMl Prop. 2.8]). 



The second term of (18) is identically since, 

ui^^, oF')= f ( [ ^i^k° FUA dDT= [ [I ^dA V;, o fUDt 
= / ^^k°F^di>T = i>{^^k°F^). 



To estimate the first term in (18), notice that {ip o F^ — tpj^o F^\oo < \^p o F^ — iljp.\oo. Then 
since ip o F^ is continuous on each w*, there must exist x,y E uj'^ such that ip o F^{x) < 
^fc(^') <^°F^{y). Thus 

\D{^ (i;oF--^,o F'))\ < ly^U \^oF'- ^,U < 2|¥^|oo mUCa' (19) 

by definition of dg. Taking both k and i to be approximately n/2 completes the proof. 

6 Proof of Theorems D and E 

We now return to the original open system {f,M;H), where / is any dynamical system 



admitting a tower with the properties in Sect. 2.2 (see Sect. 5.1 for detail). 
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6.1 Proof of Theorem D 

Let /isRB be the SRB measure for F on A before the removal of the hole. Note that 7r*/isRB 



> 0. It follows from ^ Section 2] 
4|(a). Since /isRB(M«) = 7r,/isaB(M") = 



/isRB, the unique SRB measure for / with fisRsi^], 

that yUgRB G -B, so that p{j1srb) = logt by Theorem 

/XsrbI^") for each n > 0, we have pifJ^sRs) = logt and part (a) of Theorem D is proved. 

To prove part (b), define fi^, = 7r^,/i^, where jl^ is the conditionally invariant measure from 
Theorem 4. We use /" = /"Im" to describe the surviving dynamics at time n. It follows 
from the relation f o n = n o F that for any Borel subset A oi M \H, we have 

/i,(/-M) = fx^i-K-'ir'A)) = fi4F-\n-'A)) = xp^iTT-'A) = r/i,(A) (20) 

so that /i=K is a conditionally invariant measure for / with eigenvalue r. By Theorem 4(b), 

,. J* A*SRB ,. 7'"*(-r^ /isRe) /_ X 

lim = lim — = ■Kjp^) = /i*, 

"^~ /."/iSRB(M) -^~ F-/isRB(A) 

proving part (b). 

To prove part (c), define z/ = 7r*i> where 9 is from Theorem 5. Arguing analogously 
to ( J20| ), we see that z> is an invariant measure for / supported on 7r(A°°) C n. Write 
J'^fiyx) = I det{Dfx\E^{x))\- We will show 

(i) /^ log j;Fdi) = Xv^ log J"/ du, and 

(ii) /i,(F) = h,{f). 
Integrating over sets of the form U"^q^F*(Ao fl {R = n}) before summing over n, we see that 
the left side of (i) is equal to J^ log J'^F^dv and the right side is equal to ^j^ log J'^f^ dn^ (^1 Aoy 
the latter using the invariance of z/ and relation 7r^,(F*)^, = (/*)^,7r^,. These two integrals are 
easily seen to be equal: Let J^vr denote the Jacobian with respect to jl^ for uj G r"(A) and 
Pu)' where t^{uj) = u'. Then on Aq, J"vr = 1 as Aq is an isometric copy of A, so we have 



J"7r o F^ 






For (ii), that /ij>(/) < hi,{F) is obvious. The reverse inequality follows from |Bul Proposi- 
tion 2.8] since vr is at most countable-to-one. Combining (i) and (ii) and using Theorem 5(b), 

p(/Xsrb) = logr = h,{F) - [ log j;Fdi) = hif) - [ logr fdO = P,. 

J A JM 

The following lemma completes the proof of part (c). 

Lemma 6.1. u G Qh H Qs 

Proof. That v is ergodic follows immediately from the fact that z/ is ergodic. In order to 
show that u G Qh ^Gsi "we will show that there exist C, a > such that for each e > 0, 
i){N^{S U dH)) < Ce". Once this is established, we conclude by an argument similar to 
Lemma 4.2| that P-a.e. point approaches S U dH at an arbitrarily slow exponential rate. 
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To establish this bound, we need estimates on how v decays up the levels of the tower. 
Recall V = W^u. In the proof of Theorem p| we established that d{TTAi,S U OH) > 5^^ , 



> 0, by using (H.2) of Section 5.1 II. Thus we have 



i>{N,{S U dH)) < i>(u,.^^-i^^Ae) < Yl '^'^0^'' ^ c'^^-i^yogi.e^'yiog^^ 



^>log(<5/£)/loga 



using (15) and //(A^) = z/(A^). D 



Finally, we prove part (d). li ip is a. continuous function on M , we define its lift to A by 
if = if o n. This lift is continuous on each Aij and |(^|oo < Iv'loo so that ip G C°(A). Using 
Theorem 5(b), we have 



^{(p) = z/((y9) = lim r " / (fdfi^, = lim r " / (pdfi^,, 

n-^oo J ^n n-5-oo J j^^^ 

since yU* = 71^1!^. 

To complete the proof of Theorem D, it remains to show that z> enjoys exponential decay 
of correlations. Let C^{M) denote the Holder continuous functions on M with exponent p. 
If V9 G C^i^M) and p > log /3/ log a, then y? o vr G Lip"(A). This can be proved as in JDl 
Section 6]. Also, taking ip G C^i^M), for x G A^j, y G u'^^x) and Xq = F~^x, y^ = F~^y, we 
have 

< \^\c.d{r^\7rxo),r^\7ryo)y < lijlcCa^". 



So taking (p,ip E C^{M), we may apply (19) to -i/; o tt. We follow (18) and note that 



v^ifil) o /") = v{ip o vr ■ ^ o /" o 7r) = v{ip o tc ■ ip o tt o F"), 
to conclude that the exponential decay of correlations for D follows from that for i). 

6.2 Proof of Theorem E 

As an immediate corollary of Theorem D, we have 

P(/^srb) < Vg^nGs ' (21) 

since we have identified a measure, namely z>, in Qh H Qs with P,> = p(/isRB)- We will call 
upon the results in Sect. 2.1 to provide the reverse inequality - once we put ourselves in a 
viable setup. Notice that z> = 7r*i> necessarily gives positive measure to A = 7r(Ao). 

(a) fisRB = ffJ' with if > 5 > on a neighborhood of A. In this case, C> E Qip since we 
can simply take the set Z in the definition of Q^p to be this neighborhood. By Theorem C, 



p(Psr.b) = pil^ip) > T^GhuGsug^- This together with (21) gives the desired result. 



(b) A is contained in a figRB-hyperbolic product set. Taking this set to be 11 in the definition 



of ^SRB; it is immediate that u G ^srb- Theorem C and (21) then give the two halves of the 
desired equality. 
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Appendix 

A. Lyapunov charts for maps with singularities 

In this section, we prove the statements {a){ni'), {b){ii'), and {h){iii') made in Section 4.2.4 
regarding the Lyapunov charts {$rc}- All notation is as in Section 4. 

We begin with v & Qs and the set V of regular points in the sense of Oseledec. 
Each X & V has p distinct Lyapunov exponents Ai, . . . , Ap with corresponding subspaces 
£'i(x), . . . , Ep{x) such that T^M = ®iEi{x). Let ge{x) = | minje, d{x, S)}. 

Fix 6 > 0. It follows by standard arguments (see |Y2t Sect. 3.1]) that for u-tjpical x, 
one can define an inner product, (■,-)^, on the tangent space T^M such that item {b){i) of 
Proposition 4.1 holds. Denote by || ■ H'^, the norm induced by (■, ■)'^ and by || • ||a; the Euclidean 
norm on T^M. It follows from the same construction that there exists a measurable function 
io{x) : V -^ [1, cx)), with 4(f x) < e^^'ioix) for i > and 



P 



'^^^\\v\\x < \\v\\'^ < ioix)\\v\\^ ioT all veT^M. (22) 



Define a linear map L^ : T^M -^ M'^ which takes Ei{x) to {0} x ■ ■ ■ x M™'(^) x ■ ■ ■ x {0} 
for each i and such that {LxU,Lxv)x = {u,v)'^. Then ^x '■= exp^ o L~^ is a Lyapunov chart 
satisfying properties {a){i) and {a){ii) of Proposition 4.1. 

The construction outlined thus far is standard and is not affected by the presence of 
singularities (see |KSt Part I, Theorem 2.2]). We now proceed to prove the statements of 
Section 4.2.4 which are affected by the singularities. We drop the subscript x for simplicity 
of notation and write ]| ■ ]| and ]| ■ ]|' in what follows. 

Notice that in the notation of Sect. 4, R{r) = R{r; \\ ■ \\') denotes the ball of radius r in 
the (Lyapunov) norm || ■ ||' since that is the norm of the Lyapunov charts ^x- To distinguish 
between norms, we use R{r; \\ ■ \\) to denote the ball of radius r in the Euclidean norm on 
TxM. We identify T^M and W^ and view L^ formally as a change of norm. 



Proof of {a){iii'). Recall the injectivity radius from Section 2.1, l(x,U) > m.m{s,d{x, M \ 
Uy}, given by equation d2|. Since we have assumed 6 > <j, we have l{x,U) > geixY for 
e < s. Thus again using ([2|, for y G B{x, 0, QeixY) and w =exp~^y, we have 

]|D(exp^)(w)|| < Co and \\D{exp'^^){w)\\ < Cq. 

This implies that expa^ maps -R(cq ^(^^(x)''; || ■ ||) injectively into B(x,0,ge{xY). Thus for 
M, t> G R{cQ^ge{xY; || ■ ||), we use ( [22| ) to estimate, 

d{^xU, ^xv) < rf(exp^ o L~^u, exp^ o L^-^v) < co\\L^^u — L^^v\\ < co^/p \\u — v\\' 

< Coy/P ioix)\\tl - v\\ < cl^io{x)d{^xU,^xV), 



which establishes {a){iii') with K = co^/p and ii{x) = cly/pio{x). Note that by (22) 
R{ii^{x)g£{x)'') C R(cq^ g!r{xY ; || ■ ||), with room to spare. 

Proof of {h)(iii'). Recall that 

fx = expj] o / o exp^ while /^ = $-i o / o $^ = Lfx o /^ o L~^. 
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Taking u,v,h ^ R{cQ^g^{x)'^; \\ ■ ||), we use (22) to estimate 



(23) 
for some z G i?(co '^.(x)"; || ■ ||). By (g, pVx(^)|| < Clrf(exp,(^),5)-^ Since exp,(;2) e 
-B(x, 0, f7£(x)^), we have (i(exp^(2;),5) > 5'e(x), so that ||D^/2:(z)|| < Ci(y'e(x)~*. Finally, since 
\\u — f II < ^Jp \\u — v\W we conclude that 

Lip(D^)<p£o(x)Cl(7,(x)-^ 

The statement follows by taking (i{x) to be the larger oi pCidQ^x) and £i(x) = Cq^£o(3;)- 



Proof of {b){ii'). We use (23) with v = and m G R{6i{x) ^g^ix)''). This yields 

||D^(n) - DfMW' < iix)gsixr'M < S. 
This implies that restricted to R{6i{x)~^ g^^xY) , we have Lip(/2: — Df^ifS)) < 5 as required. 

B. Natural extensions of tower maps 

Let T : (X, S, z/) O be a measure-preserving transformation (mpt) of a probability space. 
Recall that the natural extension of T : (X, S, z/) O, denoted here by T" : (X", S", i/^) O, is 
defined as follows: 

X« = {(xi, xs, ■ ■ • ) e n,^o^ : T(x,+i) = a;,}, 

T*(a;i, xs, ■ ■ ■ ) = (^(a^i), xi, Xa, ■ ■ ■ )> 
S" is generated by cylinder sets with S in each coordinate, and 

J{xi G Ai, ■ ■ ■ , x„ G AJ = i.(A„ n T-M„_i n ■ ■ ■ n t-("-i)Ai) . 

These following facts about tower maps (see Sect. 5.1 for notation) are used: 

(1) Consider F : (A°^,S,r7) O where rj is any F-invariant Borel probability measure, and 
let F : (A ,S,r/) O be the corresponding quotient system. We claim that the natural 
extensions of these two mpt's are isomorphic. 

Proof. Define # : A» ^ A* by ¥«(xi,X2, ■ ■ ■ ) = (vf(xi), 7f(x2), • ■ • )• Clearly, vf^oF^ = F^ovf^ 
Tt\{jf) = rf, and vf" is onto. The assertion follows once we show vf" is 1-1. 

Suppose 7f''(xi, X2, ■ ■ ■ ) = TT^l/i) 1/2, ■ ■ ■ )• Letting a;'*(xn) denote the stable set of x„, we 
have, by definition, xi G n^^F"~^(ci;'^(x„)). The uniform contraction of F along stable sets 
implies that this intersection consists of a single point. Likewise, {yi} = n^]^F"~^(a;*(|/„)). 
Since n{xn) = T^iyn) is equivalent to uj^{xn) = u^iyn), we have proved xi = yi. Applying the 
same argument to the sequences (x^, x^+i, . . .) and {yk, yk+i, ■ ■ ■), we conclude that Xk = Vk 
for all k>l. D 

(2) Next given F : (A°°,S,r/) O and A^ C A°°, we call F : (A|^,So,r/o) O with fjg = 
r/l^; normalized its induced map on Aq, and claim that the induced map of F on Ag = 
{(xi, X2, ■ ■ ■ ) G A : Xi E Aq} is the natural extension of F . The proof is easy. 

Fact. For an arbitrary mpt T : {X,A, v) O, it is proved in |Ro] that hy{T) = h^tiT"^). 
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